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Abstract
In this article, we consider uniqueness of positive radial solutions to the elliptic system Δu +
a(|x|)f (u, v) = 0, Δv+b(|x|)g(u, v) = 0, subject to the Dirichlet boundary condition on the open unit ball
in RN (N  2). Our uniqueness results applies to, for instance, f (u, v) = uqvp , g(u, v) = upvq , p,q > 0,
p + q < 1 or more general cases.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Existence and nonexistence of positive radial solutions for the elliptic system
Δu + a(|x|)f (u, v) = 0,
Δv + b(|x|)g(u, v) = 0, (1.1)
with different boundary conditions has received much attention recently [1–4]. Meanwhile, the
uniqueness of positive radial solutions of the well-known Lane–Emden system (the special case
of system (1.1)),
Δu = −vq, Δv = −up,
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the uniqueness of positive radial solutions of system (1.1). Provided that a(|x|) = λ, b(|x|) = μ,
and f (u, v) = f (v), g(u, v) = g(u), Dalmasso [6] investigated the existence and uniqueness of
positive radial solutions of the boundary value problem
Δu = −λf (v) in B,
Δv = −μg(u) in B,
u = v = 0 on ∂B, (1.2)
where B is the open unit ball in RN (N  2), f,g : [0,+∞) → [0,+∞). He obtained some
results in the sublinear case when f,g are nondecreasing and there exist positive numbers p,q
with pq < 1 such that
f (x)
xq
and
g(x)
xp
are nonincreasing on R+. (H)
D.D. Hai [7] considered system (1.2) and extended (H) to hold only for large x. Similar results
in the case of a single equation were obtained in [8,9]. On superlinear problems associated with
(1.2), we refer to [10,11] for literature.
Motivated by [1–9] and the references therein, we consider the uniqueness of positive solu-
tions of the general problem
Δu + a(|x|)f (u, v) = 0 in B,
Δv + b(|x|)g(u, v) = 0 in B,
u = v = 0 on ∂B, (1.3)
where B is the open unit ball in RN (N  2). f,g :R+ × R+ → R+ and a, b :R+ → (0,∞)
are continuous functions, R+ = [0,+∞). In this paper we will show that, under appropriate
conditions, system (1.3) admits at most one positive radial solution. Our main result is new.
According to a result of Troy [12], positive solutions of (1.3) are radially symmetric and
decreasing. It leads us to write system (1.3) in the form(
rN−1u′
)′ = −a(r)rN−1f (u(r), v(r)), r ∈ (0,1),(
rN−1v′
)′ = −b(r)rN−1g(u(r), v(r)), r ∈ (0,1),
u′(0) = v′(0) = u(1) = v(1) = 0. (1.4)
From now on, we investigate uniqueness of positive solutions for system (1.4).
For (x, y) ∈ R2, denote |(x, y)| =√x2 + y2. We make the following assumptions:
(H1) f,g :R+ × R+ → R+ are continuous, nondecreasing in each variable for any value of the
other variable, and (C1)2 (i.e., f,g having continuous first partial derivatives) on (0,∞)×
(0,∞) and
lim|(x,y)|→0 sup(xfx + yfy) < ∞, lim|(x,y)|→0 sup(xgx + ygy) < ∞.
(H2) There exist nonnegative numbers p, q , A, B with A,B > 0, p + q < 1 such that
lim
min{|x|,|y|}→∞
f (x, y)
xqyp
= A, lim
min{|x|,|y|}→∞
g(x, y)
xpyq
= B,
and for p1 > p, q1 > q , p1 + q1 < 1,
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xq1yp1
and
g(x, y)
xp1yq1
are nonincreasing with respect to every variable for large x and y.
(H3) There exist positive constants K1, K2 such that
f (x, y)K1xqyp, g(x, y)K2xpyq.
(H4) a, b :R+ → (0,∞) are continuous functions. Let a0 = minx∈[0,1] a(x) > 0, b0 =
minx∈[0,1] b(x) > 0 and a1 = maxx∈[0,1] a(x) > 0, b1 = maxx∈[0,1] b(x) > 0. There exist
positive numbers L1, L2 independent of a(·), b(·) such that
a1
a0
L1,
b1
b0
 L2.
Our main result is:
Theorem 1. Assume (H1)–(H4) hold. Then there exists a positive number η such that system (1.4)
has at most one positive solution for min(a1−q0 bp0 , ap0 b1−q0 ) η.
Remark 2. Theorem 1 is a new result for system (1.4), and correspondingly, we will obtain the
uniqueness of positive radial solutions for system (1.3).
The rest of this paper is organized as follows. In Section 2, we introduce some preliminary
lemmas. Theorem 1 is proved in Section 3. Finally, in Section 4 we give some related remarks
and examples to which our theorems apply.
2. Preliminary results
Lemma 3. Let h be continuous on R+ × R+ and (C1)2 on (0,∞) × (0,∞) such that
lim|(x,y)|→0 sup(xhx + yhy) < ∞.
Let M,, r be positive numbers with  < 1. Then there exists a positive number C such that∣∣h(γ x, γy) − γ rh(x, y)∣∣ C(1 − γ )
for   γ < 1 and 0 |(x, y)|M .
Proof. Let 0 |(x, y)|M . Define
H(γ ) = h(γ x, γy) − γ rh(x, y) (  γ < 1).
By the mean value theorem, there exists c ∈ (γ,1), such that∣∣H(γ )∣∣= ∣∣H(γ ) − H(1)∣∣
= (1 − γ )∣∣xh′1(cx, cy) + yh′2(cx, cy) − rcr−1h(x, y)∣∣
= (1 − γ )
∣∣∣∣1c
[
cxh′1(cx, cy) + cyh′2(cx, cy)
]− rcr−1h(x, y)∣∣∣∣
 C(1 − γ ),
where
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′
x(x, y) + yh′y(x, y)|: 0 < |(x, y)|M}

+ r max(r−1,1) sup{∣∣h(x, y)∣∣: 0 ∣∣(x, y)∣∣M}. 
The following lemma establishes upper and lower estimates for possible positive solutions of
system (1.4).
Lemma 4. Let (u, v) be a positive solution of system (1.4). Then there exist positive constants Mi ,
i = 1,2,3,4 and η independent of u,v, such that
M1
(
a
1−q
0 b
p
0
) 1
(1−q)2−p2 (1 − r) u(r)M2
(
a
1−q
0 b
p
0
) 1
(1−q)2−p2 (1 − r),
M3
(
a
p
0 b
1−q
0
) 1
(1−q)2−p2 (1 − r) v(r)M4
(
a
p
0 b
1−q
0
) 1
(1−q)2−p2 (1 − r),
for min(a1−q0 bp0 , ap0 b1−q0 ) η and 0 < r < 1.
Proof. Let (u, v) be a positive solution of the system (1.4). By integrating two equations in (1.4)
we obtain respectively,
u(r) =
1∫
r
1
sN−1
( s∫
0
a(τ)τN−1f (u, v) dτ
)
ds, (2.1)
v(r) =
1∫
r
1
sN−1
( s∫
0
b(τ)τN−1g(u, v) dτ
)
ds. (2.2)
From now on, we shall denote by Ci , i = 1,2, . . . , positive constants independent of u, v,
a0, b0.
Since u,v are decreasing and f (x, y) is nondecreasing with respect to every variable x, y,
u
(
1
2
)

1∫
1/2
1
sN−1
( 1/2∫
0
a(τ)τN−1f (u, v) dτ
)
ds  1
2
a0f
(
u
(
1
2
)
, v
(
1
2
)) 1/2∫
0
τN−1 dτ
= a0
N2N+1
f
(
u
(
1
2
)
, v
(
1
2
))
. (2.3)
Similarly,
v
(
1
2
)
 b0
N2N+1
g
(
u
(
1
2
)
, v
(
1
2
))
. (2.4)
By (H3), we have
f (x, y)K1xqyp, (2.5)
g(x, y)K2xpyq. (2.6)
Both (2.5) and (2.6) together with (2.3), (2.4) give us
u
(
1
)
 a0
N+1 f
(
u
(
1
)
, v
(
1
))
 a0K1
N+1 u
q
(
1
)
vp
(
1
)
(2.7)
2 N2 2 2 N2 2 2
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v
(
1
2
)
 b0
N2N+1
f
(
u
(
1
2
)
, v
(
1
2
))
 b0K2
N2N+1
up
(
1
2
)
vq
(
1
2
)
. (2.8)
Solving the inequalities (2.7), (2.8), we obtain
u1−q
(
1
2
)
 a0K1
N2N+1
vp
(
1
2
)
 a0K1
N2N+1
(
b0K2
N2N+1
) p
1−q
u
p2
1−q
(
1
2
)
. (2.9)
It follows that[
u
(
1
2
)]1−q− p21−q = [u(1
2
)] (1−q)2−p2
1−q
 a0K1
N2N+1
(
b0K2
N2N+1
) p
1−q
. (2.10)
Note that p + q < 1, that is, (1 − q)2 − p2 > 0, we have
u
(
1
2
)

[
a0K1
N2N+1
(
b0K2
N2N+1
) p
1−q ] 1−q(1−q)2−p2 = [ a0K1
N2N+1
] 1−q
(1−q)2−p2
[
b0K2
N2N+1
] p
(1−q)2−p2
= C1a
1−q
(1−q)2−p2
0 b
p
(1−q)2−p2
0 = C1
[
a
1−q
0 b
p
0
] 1
(1−q)2−p2 . (2.11)
In a similar manner, we get
v
(
1
2
)
 C2
[
a
p
0 b
1−q
0
] 1
(1−q)2−p2 . (2.12)
Considering the case r  12 , it follows from (2.11), (2.12)
−u′(r) = 1
rN−1
r∫
0
a(s)sN−1f
(
u(s), v(s)
)
ds  a0
1/2∫
0
sN−1f
(
u(s), v(s)
)
ds
 a0
N2N
f
(
u
(
1
2
)
, v
(
1
2
))
 a0K1
N2N
uq
(
1
2
)
vp
(
1
2
)

K1C
q
1 C
p
2
N2N
a0
[
a
1−q
0 b
p
0
] q
(1−q)2−p2
[
a
p
0 b
1−q
0
] p
(1−q)2−p2
= C3
[
a
1−q
0 b
p
0
] 1
(1−q)2−p2 , (2.13)
and after integrating,
u(r) C3
[
a
1−q
0 b
p
0
] 1
(1−q)2−p2 (1 − r) for every r  1
2
. (2.14)
Similarly,
v(r)C4
[
a
p
0 b
1−q
0
] 1
(1−q)2−p2 (1 − r) for every r  1
2
. (2.15)
Since u,v are decreasing, this implies that there exist positive constants M1,M3 independent of
u,v such that the left-side inequalities for u,v in Lemma 4 hold.
From (2.1), (2.2), we have
|u|0  a1f
(|u|0, |v|0), |v|0  b1g(|u|0, |v|0), (2.16)
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By (2.14), (2.15), for large a1−q0 bp0 and ap0 b1−q0 ,
|u|0  C5
[
a
1−q
0 b
p
0
] 1
(1−q)2−p2  1 (i.e., |u|0 is large),
|v|0  C6
[
a
p
0 b
1−q
0
] 1
(1−q)2−p2  1 (i.e., |v|0 is large).
Therefore, by the conditions
lim
min{|x|,|y|}→∞
f (x, y)
xqyp
= A > 0, and lim
min{|x|,|y|}→∞
g(x, y)
xpyq
= B > 0
in (H2), we have from (2.16) that
|u|0  a1f
(|u|0, |v|0) a1C7|u|q0 |v|p0 ,
|v|0  b1g
(|u|0, |v|0) b1C8|u|p0 |v|q0 . (2.17)
It follows that
|u|0 
[
a1C7|v|p0
] 1
1−q , |v|p0 
[
b1C8|u|p0
] p
1−q . (2.18)
Consequently, we obtain
|u|0 
[
a1
a0
a0C7
] 1
1−q [b1
b0
b0C8|u|p0
] p
(1−q)2  (L1C7)
1
1−q (L2C8)
p
(1−q)2 a
1
1−q
0 b
p
(1−q)2
0 |u|
p2
(1−q)2
0
= C9a
1
1−q
0 b
p
(1−q)2
0 |u|
p2
(1−q)2
0 ,
or
|u|0  C10
[
a
1−q
0 b
p
0
] 1
(1−q)2−p2 .
Similarly,
|v|0  C11
[
a
p
0 b
1−q
0
] 1
(1−q)2−p2 .
Recall back to the equation with respect to u′ in (2.13) and the condition (H2), we get
−u′(r) a1f
(|u|0, |v|0) C7 a1
a0
a0|u|q0 |v|p0
 C7L1Cq10C
p
11a0
[
a
1−q
0 b
p
0
] q
(1−q)2−p2
[
a
p
0 b
1−q
0
] p
(1−q)2−p2
= C12
[
a
1−q
0 b
p
0
] 1
(1−q)2−p2 ,
and after integrating,
u(r) C12
[
a
1−q
0 b
p
0
] 1
(1−q)2−p2 (1 − r), 0 < r < 1.
In a similar manner, we have the upper estimate for v(r). This completes the proof of Lem-
ma 4. 
Y. An / J. Math. Anal. Appl. 322 (2006) 1071–1082 10773. Proof of Theorem 1
Let (u, v) and (u1, v1) be positive solutions of system (1.4) and let min(a1−q0 bp0 , ap0 b1−q0 ) be
large enough so that Lemma 4 applies. By Lemma 4, one has
M1
M2
u1  u
M2
M1
u1 and
M3
M4
v1  v 
M4
M3
v1,
t ∈ (0,1).
Let α = sup{c > 0: u  cu1 in (0,1)} and β = sup{d > 0: v  dv1 in (0,1)}. Then obviously
α0  α < ∞, β0  β < ∞ and u αu1, v  βv1 in (0,1), where α0 = M1M2 > 0, β0 =
M3
M4
> 0.
We claim that
α  1, β  1. (3.1)
Without loss of generality, we may assume that α  β , then we need only to prove that α  1.
Suppose to the contrary that α < 1. Since
(
rN−1u′
)′ = −a(r)rN−1f
( 1∫
r
1
sN−1
( s∫
0
a(τ)τN−1f (u, v) dτ
)
ds,
1∫
r
1
sN−1
( s∫
0
b(τ)τN−1g(u, v) dτ
)
ds
)
,
and
(
rN−1αu′1
)′ = −a(r)rN−1αf
( 1∫
r
1
sN−1
( s∫
0
a(τ)τN−1f (u1, v1) dτ
)
ds,
1∫
r
1
sN−1
( s∫
0
b(τ)τN−1g(u1, v1) dτ
)
ds
)
,
and v  βv1  αv1, it is clear that
[
rN−1(u′ − αu′1)
]′ −a(r)rN−1
[
f
( 1∫
r
1
sN−1
( s∫
0
a(τ)τN−1f (αu1, αv1) dτ
)
ds,
1∫
r
1
sN−1
( s∫
0
b(τ)τN−1g(αu1, αv1) dτ
)
ds
)
− αf
( 1∫
r
1
sN−1
( s∫
0
a(τ)τN−1f (u1, v1) dτ
)
ds,
1∫ 1
sN−1
( s∫
b(τ)τN−1g(u1, v1) dτ
)
ds
)]
. (3.2)r 0
1078 Y. An / J. Math. Anal. Appl. 322 (2006) 1071–1082Let q1 > q2 > q , p1 > p2 > p and p1 + q1 < 1. We claim that
s∫
0
a(τ)τN−1f (αu1, αv1) dτ  αp1+q1
s∫
0
a(τ)τN−1f (u1, v1) dτ, s  0, (3.3)
s∫
0
b(τ)τN−1g(αu1, αv1) dτ  αp1+q1
s∫
0
b(τ)τN−1g(u1, v1) dτ, s  0. (3.4)
In fact, since α  α0 > 0, and f (x,y)xq2yp2 is nonincreasing with respect to every variable for large
x and y, we obtain
f (αx,αy)
(αx)q2(αy)p2
 f (x, y)
xq2yp2
.
It give us
f (αx,αy) αq2+p2f (x, y) for large x and y.
Let 12  T < 1. By Lemma 4
u1(s)M1(1 − T )
(
a
1−q
0 b
p
0
) 1
(1−q)2−p2  1, s  T ,
and
v1(s)M3(1 − T )
(
a
p
0 b
1−q
0
) 1
(1−q)2−p2  1, s  T ,
therefore
s∫
0
a(τ)τN−1
[
f (αu1, αv1) − αq1+p1f (u1, v1)
]
dτ

s∫
0
a(τ)τN−1
(
αq2+p2 − αq1+p1)f (u1, v1) dτ  0, s  T .
For the case s > T ,
s∫
0
a(τ)τN−1
[
f (αu1, αv1) − αq1+p1f (u1, v1)
]
dτ
=
T∫
0
a(τ)τN−1
[
f (αu1, αv1) − αq1+p1f (u1, v1)
]
dτ
+
s∫
T
a(τ )τN−1
[
f (αu1, αv1) − αq1+p1f (u1, v1)
]
dτ

(
αq2+p2 − αq1+p1)
T∫
a(τ)τN−1f (u1, v1) dτ − C(1 − α)(1 − T )L1a0,0
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T∫
0
a(τ)τN−1f (u1, v1) dτ 
1/2∫
0
a(τ)τN−1f (u1, v1) dτ 
a0
N2N
f
(
u1
(
1
2
)
, v1
(
1
2
))
 a0K3
N2N
> 0,
since there exists a positive number k1 > 0 such that
αq2+p2 − αq1+p1  k1(1 − α) for 0 < α0  α < 1,
it follows that
s∫
0
a(τ)τN−1
[
f (αu1, αv1) − αp1+q1f (u1, v1)
]
dτ > 0, s > T ,
if T is sufficiently close to 1. This proves the claim (4.3). We can show (4.4) similarly.
Inserting (3.3), (3.4) into (3.2) and integrating gives us
zN−1(u′ − αu′)(z)−
z∫
0
B(α, r) dr,
where
B(α, r) = a(r)rN−1
[
f
(
αp1+q1
1∫
r
1
sN−1
( s∫
0
a(τ)τN−1f (u1, v1) dτ
)
ds,
αq1+p1
1∫
r
1
sN−1
( s∫
0
b(τ)τN−1g(u1, v1) dτ
)
ds
)
− αf
( 1∫
r
1
sN−1
( s∫
0
a(τ)τN−1f (u1, v1) dτ
)
ds,
1∫
r
1
sN−1
( s∫
0
b(τ)τN−1g(u1, v1) dτ
)
ds
)]
.
Using (2.5) and Lemma 4, we obtain for r  T ,
1∫
r
1
sN−1
( s∫
0
a(τ)τN−1f (u1, v1) dτ
)
ds
 a0
1∫
T
1
sN−1
( T∫
0
a(τ)τN−1f (u1, v1) dτ
)
ds
 a0f
(
u1(T ), v1(T )
)T N
(1 − T ) a0 T
N(1 − T )K1
u
q
1(T )v
p
1 (T )N N
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T NK1M
q
1 M
p
3
N
(1 − T )p+q+1a0
(
a
1−q
0 b
p
0
) q
(1−q)2−p2
(
a
p
0 b
1−q
0
) p
(1−q)2−p2
= c1(T )
(
a
1−q
0 b
p
0
) 1
(1−q)2−p2  1,
where c1(T ) = T N(1 − T )p+q+1Mq1 Mp3 K1/N . In a similar way, we also have
1∫
r
ds
sN−1
s∫
0
b(τ)τN−1g(u1, v1) dτ  c2(T )
(
a
p
0 b
1−q
0
) 1
(1−q)2−p2  1.
Since α  α0 > 0, and f (x,y)xq1yp1 is nonincreasing with respect to every variable for large x and y,
we obtain
f
(
αp1+q1
1∫
r
ds
sN−1
s∫
0
a(τ)τN−1f (u1, v1) dτ, αq1+p1
1∫
r
ds
sN−1
s∫
0
b(τ)τN−1g(u1, v1) dτ
)
 α(q1+p1)2f
( 1∫
r
ds
sN−1
s∫
0
a(τ)τN−1f (u1, v1) dτ,
1∫
r
ds
sN−1
s∫
0
b(τ)τN−1g(u1, v1) dτ
)
.
Note that there exists a positive number k2 > 0 such that
α(q1+p1)2 − α  k2(1 − α) for 0 < α0  α < 1,
and therefore for r  T ,
B(α, r) a(r)rN−1
(
α(q1+p1)2 − α)f
( 1∫
r
ds
sN−1
s∫
0
a(τ)τN−1f (u1, v1) dτ,
1∫
r
ds
sN−1
s∫
0
b(τ)τN−1g(u1, v1) dτ
)
 rN−1k2(1 − α)K1cq1 (T )cp2 (T )a0
(
a
1−q
0 b
p
0
) q
(1−q)2−p2
(
a
p
0 b
1−q
0
) p
(1−q)2−p2
= c3(T )rN−1
(
a
1−q
0 b
p
0
) 1
(1−q)2−p2 (1 − α)
> 0.
This proves that
zN−1(u′ − αu′1)(z) < 0, 0 < z T .
For z > T , we have
z∫
0
B(α, r) dr 
1/2∫
0
B(α, r) dr +
z∫
T
B(α, r) dr
 c3(1/2)
N
a0
(
a
1−q
0 b
p
0
) q
(1−q)2−p2
(
a
p
0 b
1−q
0
) p
(1−q)2−p2 (1 − α)N2
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= (1 − α)a0
[
c3(1/2)
N2N
(
a
1−q
0 b
p
0
) q
(1−q)2−p2
(
a
p
0 b
1−q
0
) p
(1−q)2−p2 − C(1 − T )L1
]
> 0
for large a1−q0 b
p
0 and a
p
0 b
1−q
0 and T sufficiently close to 1. Hence
(u′ − αu′1)(z) < 0, for 0 < z 1.
It follows that there exists α˜ > α such that u  α˜u1 in (0,1), a contradiction! Thus α  1 and
moreover β  1. Hence, u  u1, v  v1. Similarly, we can prove that u  u1, v  v1. Conse-
quently, u = u1, v = v1 in (0,1), completing the proof of Theorem 1.
4. Related remarks and examples
If f (x, y) = m1(x)w1(y) and g(x, y) = m2(x)w2(y), we give below the precise statements
and the results.
(H1)′ mi,wi :R+ → R+ are continuous, nondecreasing, and C1 on (0,∞) and
lim|(x,y)|→0 sup
(
xm′i (x)wi(y) + ymi(x)w′i (y)
)
< ∞ (i = 1,2).
(H2)′ There exist nonnegative numbers p, q , Ai , Bi (i = 1,2) with Ai,Bi > 0, p + q < 1 such
that
lim
x→0+
mi(x)
xq
> 0, lim
y→0+
wi(y)
yp
> 0,
lim
x→∞
mi(x)
xq
= Ai, lim
y→∞
wi(y)
yp
= Bi (i = 1,2),
and for p1 > p, q1 > q , p1 + q1 < 1,
mi(x)
xq1
and
wi(y)
yp1
(i = 1,2)
are nonincreasing for large x and y, respectively.
Theorem 5. Assume (H1)′, (H2)′, and (H4) hold. Then there exists a positive number η such that
system (1.4) has at most one positive solution for min(a1−q0 bp0 , ap0 b1−q0 ) η.
Remark 6. In Theorem 5, (H3) is not requested, since (H2)′ implies (H2) and (H3).
We conclude this section with some examples.
Example 7. Assume f (x, y) = xqyp , g(x, y) = xpyq where p,q > 0 with p + q < 1, and
a(x) = λ > 0, b(x) = μ > 0. Selecting L1 = L2 = 1. Clearly, for p1 > p,q1 > q,p1 + q1 < 1,
f (x,y)
xq1yp1 = xq−q1yp−p1 and g(x,y)xp1yq1 = xp−p1yq−q1 are nonincreasing with respect to every variable
x and y on R+ × R+, and Theorem 5 implies the uniqueness of positive radial solutions of
problem (1.4) with min(a1−q0 bp0 , ap0 b1−q0 ) = min(λ1−qμp,λpμ1−q) large enough.
1082 Y. An / J. Math. Anal. Appl. 322 (2006) 1071–1082Example 8. Assume f (x, y) = m1(x)w1(y), g(x, y) = xpyq , and
m1(x) =
{
ex, if x < D,
eD
(
1 + xq−Dq
qDq−1
)
, if x D, w1(y) = yp,
where p,q > 0,p + q < 1 and D = 2/p. Let a(x) = λ > 0, b(x) = μ > 0. Select L1 = L2 = 1.
Note that there is no positive numbers q1,p1 with p1 + q1 < 1 such that m1(x)xq1 is nonincreasing
on R+, however, (H1)′, (H2)′, and (H4) are hold. Hence, Theorem 5 gives the uniqueness of
positive radial solutions of problem (1.4) with min(a1−q0 bp0 , ap0 b1−q0 ) = min(λ1−qμp,λpμ1−q)
large enough.
Example 9. Assume f (x, y) = [arctan(x + y) + 10]xqyp , g(x, y) = xpyq where p,q > 0 with
p+q < 1, and a(x) = sinx + l1, b(x) = cosx + l2 with l1 > 1, l2 > 1. Select L1 = L2 = 2. Sim-
ilarly, there is no positive numbers q1,p1 with p1 +q1 < 1 such that f (x,y)xq1yp1 is nonincreasing with
respect to every variable on R+ × R+, however, (H1)–(H4) are satisfied to give the uniqueness
of positive solutions to system (1.4) with min(a1−q0 bp0 , ap0 b1−q0 ) = min(l1−q1 lp2 , lp1 l1−q2 ) large
enough.
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